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A Note on the Closed-Form Solution of the
Multi-Layer CES Consumer Model*

Sungwhee Shin' Ki-Hong Choi*

Abstract The advantages of the CES utility function in the consumer model
are the generality of elasticity of substitution and the natural extension to multi-
layer CES. The disadvantage is that complex calculations are required to derive
a closed-form solution of the demand functions. Deriving a closed solution of
the demand function from the multi-layer CES model is almost impossible due
to the exponential increase in complexity. In the consumer model, there is Shep-
hard’s lemma, which induces the compensated demand by the ’partial differen-
tiation’ of the expenditure function. However, there is no such convenient tool
for the market demand. This paper showed that market demand is induced by the
‘logarithmic partial differentiation’ of the expenditure function using the linear
homogeneity of the CES function and the basic duality theory between market
demand and compensated demand. This is essential for a multi-layer CES model
that needs to solve both the compensated demand and the market demand simul-
taneously.
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Abstract  7Q1o] AH P95 BE 3} E= H|-§ A3t ZARE e
e AN oA 58 U sh= A4 QR (market demand) 2, 12|11
H]-& A3} HAF:Q (compensated demand) o] ETh AH|A} Lo
A CES -850 AH-L tiderdd A o] UubA] v} th=(multi-layer) 0. 2 2]
2]'7‘}01 AA A& Aolth FHH-L 425+ 2] 23] Ff(closed-form solution)
= gralt o AT M3 Adto] WRE Ao|ch T CES TAFolA
528120 Tl 2 GEste AL B Jlstasd S7hz A 2o}
ol Vet 217 BROl AE 40l R 02 WARRE SEoRE
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211= CES 9] A5} Aot BAFea 71o] 7|24 Ao
£& o] &5t ST, ‘HEHu R 02 AT 87 FEEE A 1ty
ShA BT
Keywords TU}= CES ¢, o] £, Self-dual, 7}A| 2 A s}, A1 A459, HA
+Q
JEL Classification D11, D14

rlo

~

238 BN 204 2 A=Y
A 5

=
5 o] o] AASIQIE AATER T 271%0) AL @
TR AXAA = AF A o v A= Oéﬁok”sﬂ o
A7 o2 A7 AQYvh
A st n AA T WS, sungshin@uos.ac.
AR @RRAAARTY,  2AAERTAE, zdaTde,
khchoi0810@ gmail.com

r& —V'~

g

Received October 4, 2021, Revised November 10, 2021, Accepted November 10, 2021



A%, 2718 67

1. M2

AHIRF YL N1 AE P9S8 el B B 24t AR
LeRhE Zolch. CES 4814 2 3.2 /j9le] &85/} CESY 2901 &
& F k= A4 Q(market demand) ©Y, 1231 H|-§ FA0= HATQ
(compensated demand) 23§ o] Ht}. CES G832 A2 A= Ad o] &

o
=

Zlolt}. th5 CES B89t A 83949 &3l ol & st A2 5344
o] 7lota44 7= ALl E7Fs0l 717k Aot

1980 ] Q1S BEAof tigt BEAEI2E A9 A-K(Auerbach and
Kotlikoff, 1987) % & o] 573Ict. o]= At AAZE Ao h5H o] & g2l
THAY Ity Y-S JTHor AF HPor FA Ao AT
1 QIth A-K o] A2 JiQlIE0] Algtolats 9 Ak ool Ajatet
o 71l ol A48 E Aot Feolth Iy thF7] o] 2% 25 CES
AH| 2} Bo 7|8ES Fo] &3]l ol & ARE-SHA| 26kl Gauss-Seidel &tz
ol ool =202 A g Fet A9, 2718 (2010, p.7)> *ZTh
o]0 =2 2% CES A4H|Z} LYo Aot &3l off & =&5tithal ofx |t A
NA-E AA A o2 AYotR]= X3l

AH|Z} By ol= A &40 ‘Hu| R o2 B4 Q & - 6= Shephard
HzA7F ok Ieiu AlS-8e)= 89t "Wt =47} gloh 2l
CES 3t=9] Ag-sx/ g3 A4 a.9F HAFg 7o) 7|24 o]l &8 o]
&5t A &9 ‘teHu| 2 02 A7 FE+= A2 oA B
At o= HAG8 ot A8 E S Aol Eojof o= th5 CES o= 2
FAo|th A8A AN Lt 2P gAl¢ o5t A-K(Auerbach
and Kotlikoff, [1987) 23 0] 7} A 2] A st EA= 2= CES AH|A BgoH &
F2 O & Gauss-Seidel FHof| oo =220 = Hejent. 2= AHA o=
o] 7HAIX A2}t ZAIE BAdG-ae] sigst= 152 CES A &39] Hul&
o=, AFgaof sflFoh= 25 CES A|&3-9] ti-Hu|E o2 gAHo|1n
rg oA f Lttt

Thg 28 AL CES Aulat Yol A BEESo vI§TS 2] 34D
- efol] Tgh “self-dual’ (Satol [[976)o]) Tt 7HEHeh A2 A AJakaL ]
7} 29 o] 24 £ (duality problem) o] 2.0 2R E| A58 WY E T
M) o ZHaTh the 3EelAE AK B99] 25 CES A§84]
7123 7HA 2 25} 249 @3l 52 Shephard Ei= B4R B Yot
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o] A e HxAwo ofsh AAHem freotet. upAld; 48 2 et
QoFe AAIG.

BB UL A5 Syl Bolol AZULE A J1A0l Bl
BE4ot AE RS A G EA] FAT T4l

5} (Sato, 1976; Theil, [1980) CES §-835H71 tfE 2 o]t} A 05574- CES
89491 CES 9] A2 ¢4 B Th9] 0§94 210 A= oot 2ok,

bl kI fo

u(xi,x0) = (alx}_l/c—&—azx;_l/o)l/(l 1/0) N

e(pr,p2:1) = (afpl % +agp )7
oA a8, v 55, & AST9] pie 7HE oItk 7| SAA =
Varian| (1992)-& w5t ow, & 2]9] R4S H| WSl CES 8-804 4
ZFO A57t a;, AT g o] oo|H CES &9 2|EgrolA 7H4 9] A4+

o8, AR /00§ DAL e

CES ’\“V}EC’JJ HAdgQol= AE9-9 7H o dist w2 o= TF
HolA BEAS X 5 Q1= Shephard B 24 2|7} it 18y AH| A}
oA Hrt —6‘-9-0]' A 4= Qo= Shephard B %4 2]} -2 Wt &1
7} shek. T2 ol 2o] abA CES A8 940} 28 A5 Pl
A48 Shephard B x4 2]el Zo] THHSH G 4 = B2 27}

ZAIRIT

22. #2840 G0l

Ault B Aot BAS AL Thg st B4 A 29} A4
st 24 A (3)9] S 212 o]0 x(p,m) T} h(p,u) 2 LFEPTE. Ao A p
L Aste] 714 WE, mit w217} o Aba §-g-o] Azkato]n] o]4l4ol o,
v(p,m) Sk e(p,u)e Heishe 783} H 4508 2SS 27 ehe] g E S

uyE
oot A&z gEEct
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v(p,m) = max u(x) ()
s.t.p-x<m
elp.u) = min ph )

Deaton and Muellbauer (1980, p.37)+= t-2 Al (4)9] A7} AHsHH F
2|43} ZA 9] off Al 8.et B8 7F 53t x(p,m) = h(p,u) A
(dual problem)”} Fl Tt 5}t Varian| (1992, p.113)3} Luenberger (1995, pp.
108-109)2 A4, ofjo] £, 52 WEst= FH B8t oA B
Aol thek 2 oAU v WA et & AThsk Slet.

u=v(p,m) & m=e(p,u) 4)

A tha 47HA] A2 A S [Varian) (1992, p.106)2 th Hl 7HA] A=
&= A 2 “important identities” 2 2] 5} 0™ £5] PEE A ot HA
Qo B E = AT RS dEske 4 8)9 T84 x5k ot i, [Lu-
enberger (1995, p.109)= 2] (5)2} (6)-= “algebraic way to express the relations”
ol2til stof FHEA 9] 712 A L2 Bt

e(p,v(p,m)) =m )
v(p.e(p,u)) =u (6)
x(p,m) = h(p,v(p,m)) (7)
h(p,u) = x(p,e(p,u)) (8)
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9] Aol m = 1 s} S AThEA ] F5A] (5) E (6)°] ol
e(p.1) = 1/v(p,1)2] TAE 18510 Thg7} Zo] tjn o] thehey.

~ pl/e(p,1)
1/e(p,1)
_ —1/e(p,m)* 7pe(p,1) (13)
1/e(p,1)
= Vploge(p,1)

x(p,1) =

et E3o] Ag4e HEH L 24 T o] Syl ZAjdtt 1
2L} Roy F5AE o4] ’%}1’41 ol 2] olsf LT HlA (c.g., [Varian
(1992 pp.106-107)) HEA o] 2, A @Ho R SrEe =1 1S fu
Zvjo g Br} ted CES §4-0] A5 Aol olshnl mAa o} A%
20 9] Bl sl 77} The3} o] Yl gk CES A& EH40] Wul 3} 4
HulRo 2R frH

h(p,u) = Vpe(p,1) xu 14
x(p,m) = /ploge(p,1) xm

3. A-K 28 YO 2| 25}0| Tt

—

ol
=

3.1. A-K 20| Ao}z 245} 24

Auerbach and Kotlikoff (1987)2] & A ]EH Autde gL ZF YIS
Fl= AL Ao ag Fstol 7] 23} Ao age
Tz J-81(Strotz, [1959) 2 urE} Atk 15ol= A5 E-8 CES 3
uj, Z12] 11 23-0)l= Aol 2§ CES 9t M7} SQloh Aol j=1,2,--- ,JollA 1
7]

= AN AAE-5= AlZshE 204, J= 2A Sk Al 9
e}

15 AP A& u;= At ;9 97} ;9] CES 4ol v o2 4|1} 2. CES
Ao e A ]ﬂ' o7} 7o) tgiAer e A, B4 o= of 7o) AltjA AT
A5 et
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) 1/(1-1/v) |
_ 1-1/y _
o (gﬁ ) Pi= sy (1o
=< dlitA|ekA o] B-89trot @A Ao}t EAIE AT} Al4HA
OFA]l B=G o] ol A]& T H|-g, 12]1 Qo= o4t V%ﬂﬂ*ﬁ%
N 5= A=t C14 7VA, wi= o7} ;9] 718H]-gof sfigst= A=, 192
di= BE H-&-Z Aol A3} Al F(0) 2.2 H3st= o2& rell Qe A+

4 @l goltt. 971 Aelo] Ao} A17H5 272 time endowment)©] 217/}

A1 02] gholw mo = vrebdH.

J

_k 1L+

["J~

dj(sjcj+w;l;) <m; m_Zd wj, d (17

]:



0] Fol2 29t WA 15 Auaeo] ) A Mgt 2AS
231, 7 A0S Wgstel 2540 A5 BAIS T 29A FFAlol k. WA
IS AR aG 0 HA§o2 I thgo] st Aol

ej(sj,wju;) =minsjc;+w;l;
1-1/¢

such that(cj —I-OCljl-_l/g)l/(]_l/S) >uj, j=12,---,J

AN ej(sj,wisu;)= A5
H|-ggtolth. 12y CES 889 A&gds=
dual ot FHlof| ofslf o2 o] 4
COSt), ej(sj,wj; 1):11]' uj_OJ %Qi 14'1:4'1&1—/]' %%B]%'%
te p & reRdich

ej(sjwjsu;) = (s}*£+ asw}*g)l/(lfs) X uj 19
=PpjXUj j:1,2,'-',]

Zﬂﬂ-ﬂ- 03]7]—91 _;:‘/]Z'} }_b@' fi sj,wj;uj)ﬂ—lj(sj,wj;uj)% Shephard lﬂ._Z:?ﬁ?J
of Jo}el chg 3} o] Moo 2 A Hr

Ip; ri\"
cj=cj(sjwjuj) = 5= Xuj= <S] uj
5 J J . (20)
lj=1j(sj,wjsuj) = 875{ Xuj = (f) wjy  j=L20000J
J J

w2 WA= 25 Aol 2 Aot ZAH A AP EE uj& -5t Aol ol A
A (18)7} 2] (19)5 F5HH o231} gol &

mlnsJCJ—I_W]lJEe}(sjﬂwj’uj):pjuja ]:17277-] (21)

oAl 15 HAste] AWE ol§3hwl sHAlo A Astet olvke] 27
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2] B1G sjc; 4wl HAT puseleh. o1 F s o A A
A

1 (N2 o3 o] @eoter ¢; = djpje= 2ot AH (0)9] 7HH o=

Zdjpjuj quuj<m qj=d;p; (22)
j= j=1

J 1/(1=1/y)
max <Z Bju}l/y>
=1

J
such that Z qjuj <m
j=1

(23)

o £A]9] CES Aol gl thsh w9l 2| ST self-dual I

o] el th-g3 2}

dl ; 4
uj(g,m) = ngpux’”:(ﬁjpu) =12 09)
u

webA 4] 0)] A (25)% th st Ashe} ol 7o) A4 ek vheat 2
o, |[AA3], 271F (2010, p.7)7} &3] At} o] = &3l &9} Gauss-Seidel
G| 5ol ot 24 9] FUdE TA THA LRt E Rgow &
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ololl

o135t vl 9)th. ohS & &3l ofjo] 122 HH H A BA 0 RE B4E,
83 59 9l T A& 4o Folot

sy = (22 (B 26
ci=cj(sjwiym)= | — ) —
j=Ci\sj,W; 5 dip;) pu
Otp,,-)e (ﬁjpu)y m
Li=1Li(s;,wy;m)= | — — (27
j=1Lj(sj,wjim) <Wj dip;) pa
4. 28
Byl su|zto] g-8okir AdE ]—0 2 A4 Q (market demand)
C AEYSO] EIR 02 YehdE AH4 nYo] Aol g0z 3
Hokqitt. o]+ E*} =9 (compensated demand)7} A& ‘HulR oz
%EH% 7/-\101] 53ttt o]= CES §-83r7} self-dual (Sato, |1976; [Theil,
1980) 4 2% P4 4] ok 127} 24 742 BAgt CBS gael

At %Wﬂ 374 CES 4|2} 8L uf$ HalshA e 4= 97 st} E5]
Auerbach-Kotlikoff &3} Zro] A|&A4Q 2F A Q7 ZA]of AR EE= o
% CES M7} Bl Ba1of 3 o] 4ol
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